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L2 e
Introduction 1 (Problem)

@ In this talk we consider the following d-dimensional SDE:
dXt = b(t, Xt)dt + O'(t, Xt)th (1)
where b(t,x), o(t,x) are suitable functions and W; is a Brownian

motion.

@ We would like to consider a weak convergence rate of (1) with a
discontinuous drift coefficient  b(t, x).

@ For simplicity, we split the interval [0, T] equally in n subintervals and
let the length of each time subinterval At be equal to %

@ We say that an approximation process Xt weakly converges to Xt
with order vy if

’E [f (xr)] - E|f ()'(T)]’ < CAY.

holds for every f in a certain class.
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L2 e
Introduction 2 (Previous studies: continuous coeff.)

@ When we use the Euler-Maruyama approximation as the
approximation process Xr, then the following result has been known.

@ Forae(0,1)U(1,2)U(2,3), let H#") be the Holder space on
[0, T] x RY and H(®) be also the Hélder space on RE.

o Ifb, oo e H") and f € HE) for some @ € (0,1) U (1,2) U (2,3),
there exists some positive constant K such that

|E [f(X7)]-E [f ()_(T)” = nEK(w)’

where

%i ae(O,l), <—cl) 3
E(d) =1 375, a€(L,2), « 5~1
1, €(2,3).

@ For more details, see Mikulevicius and Platen [5] or a book of
Kloeden and Platen [3].
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L2 e
Introduction 3 (Previous studies: dis continuous coeff.)

@ In this talk, we are interested in a discontinuous drift coefficient
b(t,x).
@ Some results of weak convergence of SDE with discontinuous (drift
and diffusion ) coefficient and the Euler-Maruyama approximation:
> Chan, Stramer (1998) [1]:

dX (t) = b(X(t))dt + o (X (t))dW (t).

If b, o are piecewise continuous and locally bounded, then the
Euler-Maruyama approximation weakly converges. Note that they do
not mention about the rate.

> Yan (2002) [9]:

dX (t) = b(t, X(t))dt + o(t, X (t))dW (t).

If b, o have that the set of all discontinuous points has measure 0
and linear growth, then the Euler-Maruyama approximation weakly
converges. Note that they do not mention about the rate, neither.
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Settings, Assumptions and Results
Settings and Assumptions 1 (Original SDE)

@ Letafixed T > 0.

o(t,x) : d x d-symmetric matrix value uniformly continuous
function on [0, T] x RY, and there exist some positive constants
A > A > 0 such that for all (t,x) € [0, T] x RY and & € RY,

AEP < £ra(t, x)é < NEP,

where set a(t,x) = oo*(t, x).

@ b(t,x) : d-dimensional measurable function on [0,T] x RY, and for
all (t,x) € [0, T] xRY, |b(t,x)| < A holds.

@ Then the SDE (1) has a weak solution.
@ Cg(RY): a class of all continuous function ~ f such that for all k > 0,

lim [f(x)le™*** = 0.

[X] =00
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Settings, Assumptions and Results
Settings and Assumptions 2 (Approximation)

@ Lete>0.

@ b.(t,x) O d-dimensional measurable function on [0, T] x RY, and for
all (t,x) € [0, T] xRY, |b(t,x)| < A holds.
— Later we assume Holder continuity or smoothness as necessary.

@ Then we consider the following SDE:

t t
dX{ =x + f be (s, X&)ds + f o (s,XE)dBs.
0 0

The drift coefficient b(t,x) is replaced by b,(t, x).
@ We consider the Euler-Maruyama approximation of X with At = % O

XE = x + fot be (¢(s),>_(g(s))ds + foto-(d;(s),)_(;(s))st,

where ¢(s) = supit < slt = £ fork e N}.
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Theorem 1

Theorem
We assume that for v, 3,6 > 0, the following two inequalities hold:
(). fory >0, [E[f (Xr)] —E[f(X¢)]| = 0 (&),

e
_ofl L
T \&Bnd S

[E[f(xr)] - E[f(X2)]| < © (n_v%f).

(ih. andfor g, 6> 0, [E[f (xg)| - E [f (%¢)]

Then for & = O(n_ﬁ), the following holds

Remark:
@ Note that )_($ is NOT the direct Euler-Maruyama approximation of Xr.
@ When e = n_ﬁ, the following holds[]
1 _9% n-ooo
93_n5 =n % — 0.
Weak Approx SDE with Disconti Drift
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Settings, Assumptions and Results
Proposition 1 (About assumption (i))

On the assumption (i) in Theorem:
Proposition

For some @,p > 2 such that § + ¢ < 3, and all f € Cs(R"), we have

[E[F(xr)] - E [f (X¢)]| < C(a,p, TIAT (&) yVar(f(x1)),

where set
c<a,p,T):T%—éeXp[w1[0_?(1__)((_)]]’
—E fT |b5(S’YS)_b(S’Ys)|pdS}p,

where Y; is a weak solution of Y; = x + fot o(s,Ys)dWs.

mn—\ I\)IH
'Uli—‘ 'cna
N—r
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Settings, Assumptions and Results
Remark 1 (About At (g))

Remark

@ If the transition density function p(t,x,y) of Y; has a Gaussian upper
estimation, then for every 1 < r,q < co such that + < 1, we have

At (&) <C3{f (fRd Ib(s.y) s,y)|pqdy)a ds}rt.

A rate of convergence depends on a kind of LP-error between b and
b.. When a = oo € H2%([0, T] x RY) (« > 0) holds, it has a
Gaussian upper estimation.

@ Even if it does NOT have a Gaussian upper estimation, from bounded
and uniformly elliptic assumptions, we have the following when

b(t,x) = b(x),

Ar(g) < C(ALN)eT(b — byll a.

v
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Settings, Assumptions and Results
Proposition 2 (About assumption (ii))

On the assumption (ii) in Theorem:

@ When we adopt a Holder continuous function  as b,, we can use
the following result (which was mentioned before). For example, a
broken line approximation is in this case.

Proposition

(Mikulevicius and Platen [5]) If b,, oo € H#‘Y) and f € H+) for some
@ € (0,1) U (1,2) U (2,3), there exists some positive constant K such that

e[ ()] - E[r (k)] < 2

where
2, a€(0,1), « 0~3
E(a) = ﬁ, a€(1,2), « %~1
1, ae(23).

@ Note that the constant K linearly depends on ||b.||4e.
Weak Approx SDE with Disconti Drift
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Proposition 3 (About assumption (ii))

@ When b is quite complicate and we use a mollifier (smooth
approximation ) as by, then

Proposition

Letf e C3(RY) N Cg(RY) and b,, o € C*([0,T] x RY). Then we have

E[1(x5)] - E[f (%5)]

where C is a positive constant and ||b||3 « is defined as follows:

3
IIbell3.c0 = Z

C
< —[Ibgll3,00,
n

b0
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Example (Indicator function)

Remark
@ Setd =1, b(t,x) = 1[41,42](x) (&1 < &) and
2% - ‘2—;2 la-2a),
be(x) =4 T2:X T Lo (82,02 +2¢],
1’ [gl’ é‘z],
0, Otherwise.

(broken line approximation) (-2

@ Assumption (i): For p > 2, we have

oo

@ Assumption (ii): The rate of the divergence is ||bg||4e

__P
@ An optimal rate of e is e = O(n 20+)).

{fo |bg(x)—b(x)|pdx}p —0(sh).

L o+ 2¢

=0(&™d).

v
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Settings, Assumptions and Results
Settings and Assumptions 3 (Constant diffusion coeff.)

@ Now we assume that o (t, x) is a constant matrix (Here unit-matrix)
and b(t,x) = b(x) is time-homogeneous.
That is, we consider the following SDE:

t
Xy =X +f b(xs)dS + Bq.
0

@ X? : The solution of SDE with an approximated drift b(x).
° )_(t‘9 : The Euler-Maruyama approximation of X¢.
@ The Euler-Maruyama approximation of X; :

)_(t =X+ ft b ()_(¢(S))ds + Bq.
0

@ Until the previous slide, we consider about weak approximation
between X; and >_<{f which is NOT the direct Euler-Maruyama
approximation of X;. Now as the approximation X; of X;, we consider
the direct Euler-Maruyama approximation of X;.
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Lemmas

Lemma

For p > 2 v d, there exists some positive constant C1(p, A, T) such that

|E [f (xr)] - E|[f (Xi)]| < C1(p, A, T) y/Var(f(x + Br))llb — bllLe.

Lemma

For p > 2, there exists some positive constant C,(p, A, T) such that

£ [F (%r)] - E[f (%2)]| = Calp. A T) JVar(t(x + Br))lib — bis.

@ The both lemmas are similar results to Proposition 1.
@ We use a happy property of the Euler-Maruyama approximation in the
case of the constant diffusion coefficient: i, (Biat — B(i—1)at) = Br.
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S, s i ks
Proposition 4

Proposition

(Theorem 1 in Mackevicius [4]) Let b, be a bounded and Lipschitz
continuous function with constant Lip(b,) and f be in C3(R?). Then there
exists some positive constant C(T, A, f) such that

Efr(x)] -l (%)) = LD ip,).

@ In the paper of Mackevitius [4], the boundedness of b, is not
assumed.
Notations:

@ Foraset G inRY, we define G(g) = {x € RY|d(x,G) < &}, where
d(x,G) = infycg Ix — y| is the distance between x and G.

By summing up the above results, we have the following theorem.
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Settings, Assumptions and Results
Theorem 2

Theorem

Let b be a bounded measurable function on RY which is Lipschitz except
on a set G such that the Lebesgue measure meagG(s)) = O(s). Then
for any f € C3(R?) and p > d v 2, we have

- _d
E [f(xr)] ~E [t (X )]| = 0 [n77%)
Remark
@ An optimal size of e is & = O(n_ﬁ), where we assume
. d
Lip(b,) = O(e71) and |Ib — b,|lLr = O(&®).

@ From the theorem, we find that if p — 2 and d = 1, the rate of the

weak convergence is order % Note that for @ € (0,1) (Holder

continuous case), the result in Kloeden and Platen [3] is the order
(where in their case, o is also a—H®élder continuous.)

NI~
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e
Numerical Experiments 1

@ We consider the following SDE (d = 1):

01, x<0,

t
Xi = X —|—j; b(Xs)dS + By, Whereb(x) - { 6y, x>0.

@ From Karatzas and Shreve [2], we have a representation of the
transition density function of X;.

@ If 61 = -6y > 0 and x = 0, the distribution of X; is symmetric. And if f
is an odd function, we have E[f(X;)] = 0.

@ As b, we use

61, X < —g,
_ ) 60 60+6
be(x) =1 HAx+ 521, —e<x<e,
6o, X > €.

@ Here we adopt e = n=3 from the previous slide.
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e
Numerical Experiments 2

@ We consider two types of errors:
» [E[f(X7)] - E[f():(T)]|: thin line in all graphs below.
> |[E[f(Xr)] = E[f(X7)]l: dotted line in all graphs below.
@ LetT =1,0, =-6p =1and Xo = 0.
@ We use 10’ times Monte-Carlo simulations to E[f(X1)] and E[f(X?)]
each time step n.

@ First Example: f(x) = x.
» True value: E[f(X1)] = O from the odd function f and the initial value
Xo =0.
@ Second Example: f(x) = x2.
> True value: E[f(X;)] = 0.333369 which is analytically obtained.
@ Third Example: f(x) = 1(x > 0) — 1(x < 0). (This is outside of our

theorem.)
» True value: E[f(X;)] = 0 from the odd function f a.e. and the initial
value Xqo = 0.
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Numerical Experiments Numerical Experiments

Numerical Experiments 3: f(x) = x

Weak convergence rate (f(x)=x)
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Numerical Experiments Numerical Experiments

Numerical Experiments 4: f(x) = x2

Weak convergence rate (f(x)=x"2)

0.1

Error (log-scale)
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Gradient -1
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Numerical Experiments Numerical Experiments

Numerical Experiments 5: f(x) = 1(x > 0) — 1(x < 0)

Weak convergence rate (f(x)=indicator)
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Proposition 1

On the assumption (i) in Theorem:
Proposition

For some @,p > 2 such that § + ¢ < 3, and all f € Cs(R"), we have

[E[F(xr)] - E [f (X¢)]| < C(a,p, TIAT (&) yVar(f(x1)),

where set
i-t -1 1 o
Clap, T) =T* v exp|TAL o - 5 + 1—— o3 -

)
—E UOT lbe(s, Ys) — b(s,Ys)|pdsr,

where Y; is a weak solution of Y; = x + fot o(s,Ys)dWs.

mn—\ I\)IH
'Uli—‘ 'cna
N—r
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i
Proof of Proposition 1 (1)

@ We define Z; as

t 1 t .
Zy = exp (f (S, Xs)dBs — Ef YY (s,xs)ds) ,
0 0

where set y(s,x) = (b¥(s,x) = b(s,x))* o 1(s, x).
Lemma
Set ¥ = SUPse(o 1] xere [Y(S, X)I. For a > 1, we have

E [Z?]i < exp ((a - %))A/ZT). (2

Proof. Set M; = J(; v(s, Xs)dBs. From the Schwarz inequality,

1
2

Elzs|<E [exp (zaMT - 4%2 <M >T)r E [exp((20% - a) <M >1)|

We obtain the consequence from the exponential martingale and
<M>1<%*T. O
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s
Proof of Proposition 1 (2)

L1002 &9
@ SetlL = -8 ——— bi —.
i;l. 2 8Xi(9Xj * ; I(?Xi
@ We consider the following Cauchy problem:

au(t,
{ u(atx)—i—Lu(t,x)_O, on [0,T) x RY,

u(T,x) = f(x), on RY.
Lemma

(Lemma 1 and Corollary, Veretennikov [8]) We have the following
representation and estimation by using tpe solution u:

(i), f(xT):u(o,xo)+fo Vu(s, Xe)or(s, Xo)dBs,

(i). E [fOT IVu(s, Xs)I?ds | < Var(f(Xt)).

@ About existence and uniqueness, see Theorem 3 and 3’ in [8].
Weak Approx SDE with Disconti Drift 8 Mar. 2012
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Proof of Proposition 1 (3)
@ From Girsanov theorem( E [f (X?)] = E [Ztf(X7)]

t
@ Z followsto Z; =1+ f Zsy(s, Xs)dBs.
0

@ From the previous Lemma (i) and martingale property of Z;,

A1 = [E [t (x2)] - E [f (x1)]| = [E [(Zr = 1) (X )]]

_ ‘E [zT fOT (b5(s, Xs) — b(s, Xs)) Vu(s,Xs)ds]

( f (6° - b, xs)|2ds)

@ We use Girsanov theorem to the middle term and similar arguments
again. Then we obtain the term related to Ar(g). O
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i
Proposition 3

Proposition

Letf € C3(RY) N Cg(RY) and b,, o € C*([0, T] x RY). Then we have

E[F(x5)] - E[f (%5)]

where C is a positive constant and ||b;|3 - is defined as follows:
3
Ibellaee = Y [0

j=0
Note that we consider the Euler-Maruyama approximation with At = %

C
< —[Ibgll3,00,
n

b0
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s
Proof of Proposition 3 (1)

Proof.
@ Define

R t 1 t
5o f bz (5. Ys)aWs 7 f b2a~tb,(s, Vs )ds,
0 0

B t 1t
2 = fo bo(¢(s). Y )dWs—zfo b;a™"b,(¢(s). Yy(s))ds,

where W; is a Brownian motion and

t

t
Yt =X+ f O'(S,Ys)dws, ?t =X+ f O'(¢(S),?¢(s))dWS
0 0

o £9() ~ £(x¢) and £%(¥) ~ £(¢) hold.
@ Setg(y,z) = exp(z)f(y). Then

B[t (xf)] - EF ()] = E[o (vr.27)| -E[a (¥r.27)].
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s
Proof of Proposition 3 (2)

0 O By using Taylor expansion,
=E Vg (6Yr + (1 - 0)Vr.027 + (1 - 0)Z7) (Y7 = Y1) ©)
+E[0.9(0 YT + (101,02 + (1-0)Z22) (2 - Z77)].
00 where 6, 8 ~ U(0, 1) are independent of each other.
@ & =Y. - Y; is written as follows:

t t
St = f (IsSdes +f Gdes
0 0

t t
= & =U f U GsdWs — Uy f Usta(s)Gsds,
0 0

where set Gs = 07(s, Ys) — (4(s), Yy(s)) and
t 1
U =1 ‘|‘f asUsdWs, a5 = f 8XO'(S,§:Y5 + (1 —f)?s)df.
0 0
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s
Proof of Proposition 3 (3)

@ Consider the first term of (3). (the rests are similar)

E Vg (6Yr + (1 - 0)Y7. 027 + (1 - 0)Z)&r

=F

T T
:E[F{UT f U51GedWs — Ur f Usla(s)Gsds}]-
0 0

@ By Taylor expansion, Gs is written as

S - M
Gs = f 6to-(u,YS)du (eg _)
#(s) n

1 S
+ fo Vo (6(). 8% + (1= )us)) - 7 (6(5): Yigs)) fw s
@ By using the dual formula in the Malliavin calculus to the part
S

f dW,, the second term also has ™. O
#(s)
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Proofs
Lemmas

Lemma

For p > 2 v d, there exists some positive constant C1(p, A, T) such that

|E [f (Xr)] - E|f (xi)” < Cy(p. A T) Var(f(x + Br))llb — bellie.

O The proof is the similar to the following lemma. O

Lemma

For p > 2, there exists some positive constant C,(p, A, T) such that

|E |t (%r)| - Et (>‘<$)]| < Ca(p, A, T) yJVar(f(x + Br))lIb — byllL.
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s
Proof of Second Lemma (1)

Proof.
@ Setf(s) = b(x + Bys)), Be(S) = be(X + By(s)) and define

Zi=1+ fot ZB(s)dBs, Zf =1+ fot ZEB,(s)dBs.
@ Z; — ZF is written as follows:
20-20 = [ (2~ 2p(s)a8e + [ Z2(8(5) - Bls))c
@ Then from (a + b)? < 2a? + 2b?, we have
A =E [jzt - ztﬂ < 2/2 fot Asds + 2E Uot Z:(B(s) —ﬂg(s))zds].

@ From (2), the second term in the RHS satisfies the following:
(C(p,A,T) is some positive constant)

T T
e| [ z:6005) - mo)yas| < co.n T [ 18) - rtsivas
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s
Proof of Second Lemma (2)

@ By the Gronwall’'s inequality, )
T P
At sC(p,/\,T)eZAZTE[f I,B(s)—ﬁg(s)lpds] .
0

@ By using the similar argument to Proposition 1, we have: (a,p > 20
1 1 1
ats <2

[E[F (x)] - E[f (%¢)]

:hﬁaux+&ﬂ—Epﬁu+BﬂH

(a,p,\,T)E [f 1B(s |pds]; Var(f(x + Br)).

@ By using an upper Gaussian estimation to the middle term, we have:

(y>1) .
ELL|@—bQQ+BM9WdSSCKIyMb—mWW O
Lr-1
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N I Proofs
Theorem 2

Theorem

Let b be a bounded measurable function on RY which is Lipschitz except
on a set G such that the Lebesgue measure meagG(s)) = O(s%). Then
for any f € C3(R%) and p > d v 2, we have

d

]Ewmﬂ—Ep@ﬁH:o@wm)

Proposition

(Theorem 1 in Mackevicius [4]) Let b, be a bounded and Lipschitz
continuous function with constant Lip(b,) and f be in C3(R?). Then there
exists some positive constant C(T, A, f) such that

e[ (x¢)] - £ [r (%)) « T2 Dip,).

v
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Proof of Theorem 2

Proof.

@ From the previous Proposition and two lemmas, for p > 2,
[E [l - E [t (%)
<[E O] - E[f ()] + [E [ ()] - E[f (%2) +|E %2)] - Ef (%))

< C(p, A, T) J/Var(f(x + Br))llb — bellLe + C( T lip(b,).

@ From Lip(b;) = O(2) and |Ib - blLe = O(e?), we have

’E [f(Xr)] - E[f (>'<T)]| < % +Clev.

. . . __P_ .
@ An optimal choice of ¢ is e = O(n” @ ) and we obtain our
consequence. 0O
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